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Abstract
Let G be an algebraic group of classical type of rank l over an algebraically closed field K of
characteristic p. We list and determine the dimensions of all irreducible KG-modules L with
dimL <
(
l+1
4
)
if G is of type Al, and with dimL < 16
(
l
4
)
, if G is of type Bl, Cl or Dl.
1 Introduction
Let K be an algebraically closed field of characteristic p > 0. For every simply connected simple
linear algebraic group G over K of rank l, the irreducible KG-modules with dimension below a
bound proportional to l2 were determined by Liebeck in [8]. Lu¨beck [9] extended these results
taking a bound proportional to l3. For groups of type Al, this bound was l
3/8; for types Bl, Cl
and Dl, the bound was l
3. Extending this classification further is desirable for some applications
(see for example [4, 7]). The bound we take here is
(
l+1
4
)
if G is of type Al, and 16
(
l
4
)
if G is of
type Bl, Cl or Dl.
The irreducible KG-modules are parameterised by dominant weights λ, we denote them by L(λ).
Due to Steinberg’s tensor product theorem, we need only consider the case where λ is p-restricted.
For small ranks (l ≤ 20 if G has type Al and l ≤ 11 if G has type Bl, Cl or Dl), lists of weights λ
with dimL(λ) under the bound we consider can be found in [10]. There, similar lists for groups of
exceptional type are also provided. We only consider groups of classical type.
Our results are summarised in the following two theorems. Throughout, p(k) will denote 1 if p
divides k and 0 otherwise.
Theorem 1.1. Let G be a simply connected simple algebraic group of type Al and let l ≥ 9. Table
1 contains all nonzero p-restricted dominant weights λ up to duals such that dimL(λ) <
(
l+1
4
)
, as
well as the dimensions of the corresponding modules L(λ).
Theorem 1.2. Let G be a simply connected simple algebraic group of type Bl, Cl or Dl and let l ≥ 9.
Tables 2, 3 and 4 contain all nonzero p-restricted dominant weights λ such that dimL(λ) < 16
(
l
4
)
,
as well as the dimensions of the corresponding modules L(λ). Note that for p = 2 the modules for
type Bl and for type Cl have the same dimensions; we only list them in Table 3.
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λ dimL(λ)
λ1 l + 1
λ2
(
l+1
2
)
2λ1
(
l+2
2
)
λ1 + λl (l + 1)
2 − 1− p(l + 1)
λ3
(
l+1
3
)
3λ1
(
l+3
3
)
λ1 + λ2 2
(
l+2
3
)− p(3)(l+13 )
λ1 + λl−1 3
(
l+2
3
)− (l+22 )− p(l)(l + 1)
2λ1 + λl 3
(
l+2
3
)
+
(
l+1
2
)− p(l + 2)(l + 1)
Table 1: Type Al
Nonzero p-restricted dominant weights λ such that dimL(λ) <
(
l+1
4
)
for l ≥ 9.
λ dimL(λ)
λ1 2l + 1
λ2
(
2l+1
2
)
2λ1
(
2l+2
2
)− p(2l + 1)
λ3
(
2l+1
3
)
3λ1
(
2l+3
3
)− (2l + 1)− p(2l + 3)(2l + 1)
λ1 + λ2 2
4
(l+ 3
2
3
)− p(l)(2l + 1)− p(3)((2l+13 ))
λl (l ≤ 13) 2l
Table 2: Type Bl, p 6= 2
Nonzero p-restricted dominant weights λ such that dimL(λ) < 16
(
l
4
)
for l ≥ 9.
λ dimL(λ)
λ1 2l
λ2
(
2l
2
)− 2l − p(l)
2λ1
(
2l+1
2
)
λ3
(
2l
3
)− 2l − p(l − 1)(2l)
3λ1
(
2l+2
3
)
λ1 + λ2 2
4
(
l+1
3
)− p(2l + 1)(1− p(3))(2l)− p(3)((2l3)− 2l)
λl (l ≤ 13, p = 2) 2l
Table 3: Type Cl
Nonzero p-restricted dominant weights λ such that dimL(λ) < 16
(
l
4
)
for l ≥ 9.
2
λ dimL(λ)
λ1 2l
λ2
(
2l
2
)− p(2)(1 + p(l))
2λ1
(
2l+1
2
)− 1− p(l)
λ3
(
2l
3
)− p(2)(1 + p(l))(2l)
3λ1
(
2l+2
3
)− 2l − p(l + 1)(2l)
λ1 + λ2 2
4
(
l+1
3
)− p(2l − 1)(2l)− p(3)(2l3)
λl−1 (l ≤ 15) 2l−1
λl (l ≤ 15) 2l−1
Table 4: Type Dl
Nonzero p-restricted dominant weights λ such that dimL(λ) < 16
(
l
4
)
for l ≥ 9.
Remark 1.1. The bounds have been taken so that (using the notation in Section 3) the tables
include exactly the λ with κ(λ) ≤ 3. In particular, they should exclude the weight λ4, and in fact,
|W λ4| =
(
l+1
4
)
, 16
(
l
4
)
respectively if G has type Al or one of the other types.
In Section 3 it is shown that Tables 1, 2, 3 and 4 contain all the weights that need to be considered.
The dimensions of the modules in the tables are established in Section 4.
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2 Preliminaries
Let p and K be as in the introduction and let G be a simply connected cover of a simple classical
algebraic group of rank l over K. Let B = UT be a Borel subgroup containing the maximal torus T
and with unipotent radical U , and let B− be the opposite Borel subgroup. Denote by X(T ), Y (T )
respectively the character and cocharacter groups of T . Let Φ ⊂ Y (T ) be the root system of G and
denote by S = {α1, ..., αl} ⊂ Φ the base of simple roots for B, where we label Dynkin diagrams
as in [1]. We denote by λ1, ..., λl the corresponding fundamental weights with respect to the usual
pairing on X(T ) × Y (T ). The Weyl group W = NG(T )/T is generated by the simple reflections
sα associated to the simple roots α ∈ S. We denote by w0 ∈ W the longest element of the Weyl
group.
We recall some standard facts. The irreducible KG-modules are parameterised by dominant weights
λ ∈ X(T ), that is, weights of the form λ = ∑i=1 aiλi with all ai ≥ 0. We denote the irreducible
module with highest weight λ by L(λ). Given a KG-module M , we say that the element µ ∈ X(T )
is a weight of M if and only if the weight space Mµ = {m ∈ M : tm = µ(t)m for all t ∈ T} is
3
nonzero, and we say that the multiplicity of µ in M is dimMµ. If λ is dominant, we denote the
multiplicity of µ in L(λ) by mλ(µ). A dominant weight as above is p-restricted if each ai satisfies
0 ≤ ai < p. Steinberg’s tensor product theorem [15] allows one to express any L(λ) as a tensor
product of twists of KG-modules with p-restricted highest weights, therefore we only consider p-
restricted dominant weights.
In order to understand the module L(λ), it can be useful to understand the related induced module
H0(λ) and Weyl module V (λ). In [6], the group G is regarded as a group scheme. Given a domin-
ant λ ∈ X(T ) and the corresponding B−-module Kλ, one constructs a left exact functor indGB−(−)
whose derived functors are denoted by H i(λ). The induced module is simply H0(λ). In this frame-
work, the Weyl module is defined thus: V (λ) = H0(−w0λ)∗. The induced module H0(λ) has a
unique irreducible submodule isomorphic to L(λ), that is, L(λ) = socH0(λ). Dually, V (λ) has
L(λ) as its unique irreducible quotient, so we can also realise the latter as L(λ) = V (λ)/ radV (λ).
Write e(λ) ∈ Z[X(T )] for the element of the group ring of X(T ) corresponding to λ ∈ X(T ). Denote
the formal character of a (finite-dimensional) KG-module M by chM =
∑
µ∈X(T ) dimMµe(µ). Ob-
serve that chM encodes all information about weight multiplicities of M and in particular, it yields
dimM . For any dominant λ ∈ X(T ), one can compute chV (λ) = chH0(λ) using Weyl’s character
formula. There is an Euler characteristic defined for each µ ∈ X(T ) as χ(µ) = ∑i≥0(−1)i chH i(λ).
If λ is dominant, then Kempf’s vanishing theorem states that H i(λ) = 0 for all i > 0. Lastly, recall
that both the χ(λ) = chH0(λ) and the chL(λ) with λ dominant form Z-bases of Z[X(T )]W .
Finally, we remark that there is an isogeny ϕ between the groups of type Bl and Cl when p = 2,
which is an isomorphism of abstract groups but not of algebraic groups. If L(λ) is the irreducible
module with highest weight λ for one of the groups, then composing the action of the group
with ϕ yields the corresponding irreducible module for the other group. In particular, the weight
multiplicities and dimensions are the same for both types. For this reason, we exclude the case
p = 2 in Table 2.
3 Dimensional bounds and reduction
We recall some basic weight theory. There is a partial order ≤ on X(T ) defined by: µ ≤ λ if and
only if λ − µ is a nonnegative linear combination of simple roots. Denote the (usual) action of
the Weyl group on X(T ) by (w, µ) 7→ wµ. Then mλ(µ) = mλ(wµ). Assume λ and µ are both
dominant. If µ ≤ λ and µ 6= λ, we say that µ is subdominant to λ. The weights of L(λ) form a
subset of the weights of V (λ), and every dominant weight of V (λ) is subdominant to λ. It follows
that dimL(λ) =
∑
µ≤λmλ(µ)|Wµ|, where µ runs over all dominant weights. The stabiliser of µ in
W is the subgroup Wµ ≤ W generated by the reflections sα such that 〈µ, α〉 = 0. Hence if µ is a
weight of L(λ) we have the bound
dimL(λ) ≥ |W µ| = |W : Wµ|. (1)
Finally, Premet’s theorem [13] asserts that if (G, p) is not special and λ is p-restricted, then any
µ ≤ λ is a weight of L(λ). For the classical types, the pair (G, p) is special only if p = 2 and G has
type Bl or Cl.
We now proceed to show that any dominant weight λ not in Tables 1, 2, 3 and 4 must satisfy
dimL(λ) ≥ (l+14 ) if G has type Al or dimL(λ) ≥ 16( l4) if G has type Bl, Cl or Dl. Following [11],
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for a p-restricted dominant weight µ =
∑l
i=1 aiλi ∈ X(T ), we define the integers
κ(µ) =
{∑l
i=1 iai if G is of type Bl, Cl or Dl∑l
i=1 min{i, l + 1− i}ai if G is of type Al
rµ =
{
0 if ac = 0 for all c >
l+1
2
max{c : 1 ≤ c < l+12 and al+1−c 6= 0} otherwise.
Proposition 3.1. Let G be of type Al and let λ be a p-restricted dominant weight. Set κ := κ(λ).
Then,
dimL(λ) ≥
{(
l+1
κ
)
if κ ≤ l+12 ,(
l+1
bl/2c
)
otherwise.
Proof. Both bounds are respectively part of Proposition 4.7 and Lemma 4.8 in [11].
Corollary 3.2. Let G be of type Al, and assume l ≥ 9. Any nonzero p-restricted dominant weight
λ ∈ X(T ) not listed in Table 1 satisfies dimL(λ) ≥ (l+14 ).
Proof. The result follows from Proposition 3.1 and the observation that Table 1 contains precisely
the nonzero p-restricted dominant weights λ with κ(λ) ≤ 3.
The following can be seen as an analogue of Proposition 3.1 for types Bl, Cl and Dl.
Proposition 3.3. Let G be of type Bl, Cl or Dl, assume l ≥ 7 and let λ be a p-restricted dominant
weight
∑l
i=1 aiλi. Set κ := κ(λ). Then, the following hold.
(a) Assume rλ 6= 0 and, if G has type Dl, assume rλ ≥ 3. Then |W λ| ≥ 2l−rλ+1
(
l
rλ−1
)
. In
particular, dimL(λ) ≥ 2l−rλ+1( lrλ−1).
(b) If rλ = 0 and κ ≤ (l + 1)/2, then dimL(λ) ≥ 2κ
(
l
κ
)
.
(c) If rλ = 0 and κ > (l + 1)/2, then dimL(λ) ≥ 2b
l+2
2 c( lb l+22 c).
Proof. For part (a), note that the stabiliser Wλ is contained in Wλl−rλ+1 and use Bound (1). Part
(b) follows from Proposition 4.7 in [11] and the observation that (l+1)/2 ≤ l−3. For (c), we argue
as in the proof of 4.9(c) in [11]. Define d = max{i : ai 6= 0}. We consider two cases.
If ad = 1, then Lemma 4.5 from [11] ensures that L(λ) has a subdominant weight (with nonzero
multiplicity) of the form
∑b l+12 c
i=1 biλi + λb l+12 c+1 and so by (a), we have dimL(λ) ≥ |W µ| ≥
2b l+22 c( lb l+22 c). Otherwise if ad > 1, then µ′ = µ − αd = ∑b l+12 ci=1 ciλi + λd+1 is subdominant to λ.
By the previous case, there exists in turn some ν ≤ µ′ of the form ∑b l+12 ci=1 b′iλi + λb l+12 c+1. To see
that ν has nonzero multiplicity in L(λ), observe that λ is p-restricted and ad > 1, hence p > 2 and
Premet’s theorem applies. Again, applying (a) to ν yields the desired inequality.
Corollary 3.4. Let G be of type Bl, Cl or Dl and assume l ≥ 9. Any nonzero p-restricted dominant
weight λ ∈ X(T ) not listed in Tables 2, 3 and 4 satisfies dimL(λ) ≥ 16( l4).
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Proof. Write λ =
∑l
i=1 aiλi. First note that all the weights with κ(λ) < 4 appear in the three
tables, so assume κ(λ) ≥ 4. Now, if rλ = 0, the result directly follows from (b) and (c) of Proposition
3.3, so we further assume rλ 6= 0. If rλ ≥ 2 or, if G has type Dl, if rλ ≥ 3, then Proposition 3.3(a)
shows that dimL(λ) ≥ 2l−rλ+1( lrλ−1). An elementary check shows that this is greater or equal to
24
(
l
4
)
for all l ≥ 9. We discuss the remaining possibilities separately.
Types Bl and Cl, rλ = 1
In view of the tables, the weight λ = λl needs only be considered when G has type Cl and p 6= 2.
In this case by Premet’s theorem λl − (αl−1 + αl) = λl−2 has nonzero multiplicity in L(λ) so
Proposition 3.3(a) yields the result. Next, if aj > 0 for some j < l, the stabiliser Wλ ≤ W is a
subgroup of Wλj+λl . But then in both types |W λ| ≥ |W (λj + λl)| = 2l
(
l
j
) ≥ 2ll ≥ 24( l4). Finally, if
al > 1, then p 6= 2 and by Premet’s theorem µ = λ− αl−1 is a subdominant weight for both types;
but then rµ = 2 and Proposition 3.3(a) yields the inequality.
Type Dl, rλ = 1, 2
We do not consider λ = λl, λl−1 as they appear in Table 4. If aj 6= 0 for some j < l− 1, we see that
in all cases Wλ ⊂ Wλj+λl , so similarly as for Bl and Cl, we get |W λ| ≥ 2l−1
(
l
j
) ≥ 2l−1l ≥ 24( l4), since
also l ≥ 9. We thus assume that λ is of the form al−1λl−1 + alλl. Note that by Premet’s theorem
and bound (1) it is enough to exhibit a weight µ ≤ λ whose orbit has size greater than 24( l4). If
al−1al 6= 0, set µ = λ−(αl−2+αl−1+αl) = λl−3+(al−1−1)λl−1+(al−1)λl; if al = 0 and al−1 > 1,
set µ = λ−αl−1 = λl−2+(al−1−2)λl−1; and if al−1 = 0 and al > 1, set µ = λ−αl = λl−2+(al−2)λl.
Then rµ = 3 and we conclude with another application of Proposition 3.3(a).
Remark 3.5. The weights considered in Theorem 5.1 in [9] are precisely the p-restricted weights λ
with κ(λ) ≤ 2.
4 Dimensions of irreducible KG-modules
An effective method to compute the multiplicities of the weight spaces in characteristic p was
already observed in [2]. One considers a certain bilinear form on V (λ)Z, a minimal admissible
Z-lattice of the Weyl module. Restricting this form to the weight space of µ ≤ λ, reducing it
modulo p and computing its rank yields the multiplicity mλ(µ). However, these computations can
be lengthy and may not a priori provide much structural information about V (λ) or L(λ). For
some cases we will instead find the constituents of modules having L(λ) as a composition factor.
Given a KG-module M , we write M = N1 | N2 | · · · | Nk to indicate that M has a filtration
M = M1 ⊃ M2 ⊃ · · · ⊃ Mk+1 = 0 such that Mi/Mi+1 ∼= Ni for each i = 1, ..., k. Note that the Ni
are not required to be irreducible.
The following tool provides information about radV (λ), and it can be interpreted as providing
the determinants of the bilinear forms above (this is explained in detail in II.8.17 of [6]). Denote
by H0Z(λ) and VZ(λ) the induced and Weyl modules over Z. Then in II.8.16 of [6] one defines a
homomorphism VZ(λ)→ H0Z(λ) which we denote by Tλ such that Im(Tλ ⊗Z 1K) = L(λ). Now, let
D be the group of divisors of Z, that is, the abelian group generated by the formal elements [q] for
each prime q. Given a finitely generated torsion abelian group N and a prime q, denote by νq(N)
the composition length of N ⊗Z Z(q) as a Z(q)-module. For a GZ-module M , define
νc(M) =
∑
µ∈X(T )
ν(Mµ)e(µ) ∈ D ⊗Z Z[X]W
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where ν(Mµ) =
∑
q prime νq(Mµ)[q] ∈ D.
Then, writing νc(Tλ) for ν
c(coker(Tλ)), for each subdominant µ ≤ λ one has that L(µ) is a com-
position factor of radV (λ) if and only if the coefficient of [p] chL(µ) in νc(Tλ) is nonzero (recall
that the [p] chL(µ) form a basis of X(T )W ). In fact, the coefficient of [p]e(µ) in νc(Tλ) is the p-adic
valuation of the determinant of the bilinear form mentioned above restricted to the weight space
of µ. If this coefficient is 1 then the composition factor L(µ) has multiplicity one in V (λ), but the
converse does not hold in general. We remark that for certain dominant weights λ, the character
νc(Tλ) has been evaluated for arbitrary rank (see e.g. [5], [12]).
We now establish the dimension of L(λ) for each λ in Tables 1, 2, 3 and 4. Note that by Remark
3.5, we only need to consider the weights with κ(λ) > 2.
4.1 Type Al
Note first that if G is of type Al the weights of the form λk, kλ1 correspond respectively to the
exterior power (dimL(λk) =
(
l+1
k
)
) and symmetric power (dimL(kλ1) =
(
l+k
k
)
) of the natural mod-
ule, which are irreducible (as λ is p-restricted). The remaining weights λ in Table 1 with κ(λ) > 2
are λ1+λ2, λ1+λl−1 and 2λ1+λl. We will make use of the following result, which is part of 8.6 of [14].
Lemma 4.1. Let λ = aiλi+ajλj, i < j, be p-restricted with aiaj 6= 0. Suppose µ = λ−(αi+...+αj).
Then mλ(µ) = j − i+ 1− p(ai + aj + j − i).
The dimensions stated in Table 1 easily follow from this, as the only subdominant weights to those
listed either satisfy the conditions of the lemma or they have multiplicity one in the Weyl module
(hence in L(λ) by Premet’s theorem). We give as an example the weight λ = 2λ1 + λl; the other
cases can be dealt with in a similar fashion. The subdominant weights are λ − α1 = λ2 + λl and
λ− (α1 + ...+ αl) = λ1. The multiplicity of λ− α1 in the Weyl module is 1, hence so it is in L(λ).
By Lemma 4.1 the subdominant weight λ− (α1 + ...+αl) has multiplicity l− p(l+2). This implies
chL(λ) = χ(λ)− p(l + 2)χ(µ) and therefore dimL(λ) = 3
(
l+2
3
)
+
(
l+1
2
)− p(l + 2)(l + 1).
4.2 Types Bl, Cl and Dl
We now consider G of type Bl, Cl and Dl. By Remark 3.5, the weights that need to be considered
are the ones with κ(λ) > 2 in Tables 2, 3 and 4, that is, the weights 3λ1, λ3, λ1 + λ2, λl−1 and λl.
The stated dimensions for the module L(3λ1) immediately follow from Proposition 4.7.4 in [12] if
G is of type Bl or Dl. For G of type Cl, consider the natural embedding of G into a group G˜ of
type A2l−1. The Weyl module with highest weight 3λ1 is a irreducible KG˜-module and it remains
irreducible for G by 8.1(c) of [14] (note that λ is p-restricted). Similarly, 8.1(a) and 8.1(b) of [14]
show that if p 6= 2, the module V (λ3) is irreducible for G of type Bl or Dl. For p = 2 and G of type
Dl, the dimension of L(λ3) is found in 7.2.5 of [3]. For G of type Cl and any p (so in particular,
for type Bl and p = 2), the dimension of L(λ3) follows from 4.8.2 in [12].
Next, the weight λ = λl is minuscule (i.e. it has no subdominant weights) for G of types Bl and
Dl; in addition, if G has type Dl, then λl−1 is minuscule too. Hence V (λ) is irreducible in these
cases. Clearly, if λ is minuscule then dimL(λ) is just |W λ|.
The only remaining weight is λ1 + λ2. The following is a direct consequence of 4.9.2 in [12].
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Proposition 4.2. Let λ = λ1 +λ2 and assume l ≥ 5 and p > 3. Set t = l, 2l+ 1, 2l− 1 respectively
if G has type Bl, Cl or Dl. Then chL(λ) = χ(λ)− p(t)χ(λ1).
McNinch also provides the following computation for l ≥ 5 (4.5.7 in [12]). Here, for any positive
integer k = qb11 . . . q
br
r (where qi are primes and each bi is a positive integer), the divisor of k is
defined as div(k) =
∑r
i=1 bi[qi]. Let λ = λ1 + λ2.
νc(Tλ) =

div(3)χ(λ3) + div(2l)χ(λ1) + div(2)(χ(2λ1) + χ(λ2)− χ(0)) if G is of type Bl,
div(3)χ(λ3) + div(2l + 1)χ(λ1) if G is of type Cl,
div(3)χ(λ3) + div(2l − 1)χ(λ1) if G is of type Dl.
(2)
Since for types Cl and Dl, the coefficient of [2] in ν
c(Tλ) is zero, it follows that for these types the
Weyl module V (λ1 + λ2) is irreducible if p = 2. Clearly dimL(λ1 + λ2) is also determined for type
Bl and p = 2. Now set t = 2l, 2l + 1, 2l − 1 respectively if G has type Bl, Cl or Dl. In view of the
computation of νc(Tλ), we see that if 3 - t, then radV (λ1 + λ2) = L(λ3) and the dimensions in the
tables for this case follow too.
Observe that Equation (2) is however not enough to determine dimL(λ1+λ2) when p = 3 and 3 | t.
Instead, we will realise the module L(λ1 + λ2) as a composition factor of S
3V . In what follows,
let V be the natural module for G and, for an integer k ≥ 1, denote by SkV the k-th symmetric
power of V . We write the elements of SkV as linear combinations of monomials v1v2 · · · vk, where
each vi ∈ V .
Lemma 4.3. Let p > 2.
(a) If G = SLl+1(K) or G = Sp2l(K), then H
0(pλ1) = S
pV = L((p− 2)λ1 + λ2) | L(pλ1).
(b) If G = SLl+1(K), then H
0(pλl) = S
p(V ∗) = L(λl−1 + (p− 2)λl) | L(pλl).
Remark 4.4. Note that L(pλi) ∼= L(λi)(p).
Proof. For (a), notice that when charK = p, the unique irreducible submodule of H0(pλ1) = S
pV
is N = {vp : v ∈ V }, of highest weight pλ1. This quotient is the p-th reduced symmetric power of
V , which is irreducible for G = SLl(K), Sp2l(K) respectively by 1.2 and 2.2 of [16]. Now observe
that the highest weight of the quotient SpV/N is (p− 2)λ1 + λ2. Part (b) is analogous.
Corollary 4.5. If G has type Cl then S
3V = L(λ1 + λ2) | L(3λ1).
The dimension of L(λ1 + λ2) in Table 3 is now justified for all p. Note also that Lemma 4.3 yields
again the dimension of L(λ1 + λ2) in Table 1 for p = 3.
For types Bl and Dl, we will use a result about type Al. Let G = SLl+1(K). We denote by
e1, ..., el+1 the elements of the standard basis of V . We also write e
∗
1, ..., e
∗
l+1 for the corresponding
basis elements of the dual module V ∗.
Lemma 4.6. Let G = SLl+1(K) and assume p = 3 and 3 - l + 2.
(a) The module S2V ⊗ V ∗ = L(λ1) | L(2λ1 + λl) | L(λ1) is indecomposable and soc(S2V ⊗ V ∗) =
{∑l+1i=1 vei ⊗ e∗i : v ∈ V }.
(b) The module S2(V ∗)⊗V = L(λl) | L(λ1+2λl) | L(λl) is indecomposable and soc(S2(V ∗)⊗V ) =
{∑l+1i=1 v∗e∗i ⊗ ei : v∗ ∈ V ∗}.
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Proof. By Proposition 4.6.10 in [12] the modules are indecomposable and have the stated constitu-
ents. The fact that soc(S2V ⊗ V ∗) = {∑li=1 vei ⊗ e∗i : v ∈ V } follows from the observation that it
is a submodule isomorphic to V and the fact that S2V ⊗ V ∗ is indecomposable. The argument for
soc(S2(V ∗)⊗ V ) is analogous.
In the following, instead of taking the simply connected group of type Bl or Dl, we take G to
be the special orthogonal group SOn(K) (n = 2l + 1, 2l respectively), realised as follows. Let
e1, ..., el, e0, e−l, ..., e−1 be the elements of the ordered standard basis of SLn(K) (dropping e0 for
type Dl). We define SOn(K) as the subgroup of SLn(K) preserving the quadratic form q(
∑
xiei) =∑n
i=1 xix−i +
1
2x
2
0 (dropping the term
1
2x
2
0 for type Dl).
Given a KG-module, we denote by M ↓ H the restriction of M to a subgroup H of G.
Proposition 4.7. Let G = SOn(K), where n = 2l or 2l + 1, and set p = 3.
(a) Suppose 3 - n− 1. Then S3V = L(λ1 + λ2) | (L(3λ1)⊕ L(λ1)).
(b) Suppose 3 | n− 1. Then S3V = L(λ1) | L(λ1 + λ2) | (L(3λ1)⊕ L(λ1)).
Proof. Fix B to be the Borel subgroup of upper triangular matrices in G. Define Q ∈ S2V as
Q = 12e
2
0 +
∑l
i=1 eie−i, dropping the term
1
2e
2
0 if n = 2l. Define also J = {vQ : v ∈ V } ⊂ S3V . By
II.2.18 of [6], we have that H0(3λ1) ∼= S3V/J . Clearly J ∼= L(λ1). Also, as in the proof of Lemma
4.3, since charK = 3, we have the irreducible submodule N = {v3 : v ∈ V } ⊂ S3V , and again
N ∼= L(3λ1). Since H0(3λ1) has a unique irreducible submodule and N ∩ J = 0, it follows that
socS3V = N ⊕ J .
Now, to see (a), note that 3 - n − 1 implies 3 - t, thus dimL(λ1 + λ2) is known by the discussion
after Equation (2). Since S3V/socS3V = S3V/(N ⊕ J) has a maximal vector with weight λ1 + λ2
(namely, e21e2 + (N ⊕ J)) and it has the same dimension as L(λ1 + λ2), the result follows. For (b),
we separate into cases Dl and Bl.
Case n = 2l
Assume 3 | 2l − 1. Let H be the subgroup of type Al−1 inside G stabilising the subspace in V
spanned e1, ..., el ∈ V as well as the subspace spanned by e−l, ..., e−1. Denote by V˜ the natural
module for this subgroup, as well as L˜(µ) for the irreducible module of H with highest weight µ.
The restriction V ↓ H = V˜ ⊕ V˜ ∗ yields a decomposition
S3V ↓ H = S3V˜ ⊕ S3(V˜ ∗)⊕ (S2V˜ ⊗ V˜ ∗)⊕ (S2(V˜ ∗)⊗ V˜ ).
Visibly, N corresponds to L˜(3λ1) ⊕ L˜(3λl) ⊂ S3V˜ ⊕ S3(V˜ ∗). By Lemma 4.3, we have (S3V˜ ⊕
S3(V˜ ∗))/N ∼= L˜(λ1 + λ2)⊕ L˜(λl−1 + λl). It follows that
(S3V/N) ↓ H = L˜(λ1 + λ2)⊕ L˜(λl−1 + λl)⊕ (S2V˜ ⊗ V˜ ∗)⊕ (S2(V˜ ∗)⊗ V˜ ).
Next, note that as a KH-module, J = J1 ⊕ Jl, where J1 = {
∑l
i=1 vei ⊗ e−i : v ∈ V˜ } ⊂ S2V ⊗ V ∗
and Jl = {
∑l
i=1 v
∗e−i ⊗ ei : v∗ ∈ V˜ ∗} ⊂ S2(V˜ ∗) ⊗ V˜ . Lemma 4.6 shows that J = soc(S2V˜ ⊗
V˜ ∗)⊕ soc(S2(V˜ ∗)⊗ V˜ ) ∼= L˜(λ1)⊕ L˜(λl). Write M1 = (S2V˜ ⊗ V˜ ∗)/J1 and Ml = (S2(V˜ ∗)⊗ V˜ )/Jl.
Denoting M = S3V/(N ⊕ J), we have
M ↓ H = L˜(λ1 + λ2)⊕ L˜(λl−1 + λl)⊕M1 ⊕Ml (3)
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where again by Lemma 4.6, Mi is indecomposable and has composition factors L˜(λi) | L˜(2λi +
λl−i+1) for i = 1, l.
Now, let I be a nonzero irreducible KG-submodule of M . Observe that the action of the antidiag-
onal element s ∈ G gives (nonzero) linear maps L˜(λ1+λ2)↔ L˜(λl−1+λl) and M1 ↔Ml. This shows
that I must contain at least one of R1 = L˜(λ1+λ2)⊕ L˜(λl−1+λl) or R2 = L˜(2λ1+λl)⊕ L˜(2λl+λ1)
(as M1, Ml are indecomposable for H). We show that in fact I must contain R1 ⊕ R2. Let r ∈ G
be the element sending e2 7→ e2 + el, e−l 7→ e−l − e−2 and fixing ej for every j 6= 2,−l. Define
also x1 = e
2
1e2 + (N ⊕ J) ∈ R1 and x2 = e21el + (N ⊕ J) ∈ R2. Then rx1 = x1 + x2 = rtx2,
where rt ∈ G denotes the transpose of r. It follows that R1 ⊕ R2 ⊂ I. Now, note that x1 ∈ I
is a maximal vector with weight λ1 + λ2, so that I = L(λ1 + λ2). In view of (3), it is clear
that either M = L(λ1) | L(λ1 + λ2) or M = L(λ1 + λ2). Now since 3 | t, Equation (2)
implies dimL(λ1 + λ2) ≤ dimH0(λ1 + λ2) − dimL(λ3) − dimL(λ1) = dimM − 2l, so in fact
M = L(λ1) | L(λ1 + λ2).
Case n = 2l + 1
Assume 3 | l. We now consider H to be the subgroup of type Dl inside G that fixes e0, and as before
denote by V˜ its natural module, as well as L˜(µ) for the irreducible H-module with highest weight
µ. The restriction V ↓ H = V˜ ⊕(Ke0), yields S3V ↓ H = S3(V˜ )⊕S2(V˜ )⊕ V˜ ⊕ T˜ , where T˜ is trivial
for H. Now S3(V˜ ) has composition factors as described in (a). Visibly, the submodule N ⊂ S3V
corresponds to the direct sum of T˜ and the copy of L˜(3λ1) inside S
3(V˜ ). Now by Proposition 4.7.4
in [12] and since p | l, we have that S2(V˜ ) = T˜1 | L˜(2λ1) | T˜2 is indecomposable, where T˜1, T˜2 are
trivial for H. Note also that J ↓ H decomposes as the direct sum of T˜2 and the copy of L˜(λ1) inside
S3(V˜ ). Combining these observations, we have M = S3V/(N ⊕ J) ↓ H = L˜(λ1 + λ2) ⊕M0 ⊕ V˜ ,
where M0 = T˜1 | L˜(2λ1) is indecomposable. As before, let I ⊂M be an irreducible KG-submodule.
Note that M has no trivial submodules. Comparing dimensions with Table 2, we see that I must
contain L˜(λ1 + λ2). Comparing now the dimension of M/I, we see that the only possibilities are
I = L˜(λ1 + λ2)⊕ L˜(2λ1) and I = M . Again I contains a maximal vector with weight λ1 + λ2, so
that I = L(λ1 + λ2). By the same dimensional argument as for type Dl, M = L(λ1) | L(λ1 + λ2).
Proposition 4.7 yields the remaining dimensions for the weight λ1 + λ2 stated in Tables 2 and 4.
This concludes the proof of Theorem 1.2.
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